PLANE PLASTIC STRAIN PROBLEMS FOR
ANISOTROPIC MATERIALS

(PLOSKAIA PLASTICHESKAIA DEFORMATSIIA
ANIZOTROPNYKH MATERIALOV)

PHM Vol.25, No.1, 1961, pp. 169-173

¥. L. DOBROVOL’ SKII
(Moscow)

(Received July 11, 1960)

A general expression for the stress function in the plastic region of an
orthotropic body is presented. The so-called "generalized complex vari-
ables" are introduced. They are similar to those introduced by Lekhnits-
kii for elastic materials [1,2 ]. A condition for this function to be
real is derived. Based on this condition inverse problems can be solved.
As illustrative examples some particular cases of states of stress are
investigated. A comparison is made between the elastic and plastic com-
plex parameters. An attempt is also made to establish a connection be-
tween the plastic and elastic stress functions.

1. Consider a homogeneous ideally plastic orthotropic body. The co-
ordinate axes x, y, z are directed along the principal directions of
orthotropy. The stress components G oy' Txy satisfy the following equi-
librium conditions:

ds

dt
%o __EH__O Txy _____
oz T dy K3 + dy 0 (1.1)

and the von Mises-Hill [3 ] plasticity condition for an orthotropic body
(Gx_ ) 2
_T___+At = 4T (—oo<e<) (1.2)

where ¢ depends on the anisotropic material constants; T is the yield
stress in shear relative to the x-, y-axes. For ¢ = O we obtain a well-
known von Mises plasticity condition for an isotropic body.

We introduce the stress function F as follows:

s, =2T YT—=¢ 2F s, =2T YT— cﬂ,r ,=—2T VT=3¢

o (1.3)

The equilibrium conditions are thus satisfied identically, and for

247



248 V.L. Dobrovol'ski:

the determination of F there remains the following equation:

DDy FD, D F =1 (1.4)
where

a -~ 0 _- g :
Dk:@"l’-k—%=(l‘k'”k)5z—, b= Vet iYT=s, (k=12 15
k

and the "generalized complex variables® are determined by
=ty  Goe=rtwy (k=12

Since function F is real, (1.4) can be written as Dzblfﬁzz&??= 1 of
|D,0,F|= 1 and thus

DyDyF = exp [— i0] (1.6)

where 8 = 0(:1, zyi %, Zy) is an arbitrary real function.

The general solution of (1.6) is given by

Fe___ 1 _ Sd?l S exp[—i0 (21, 20; Z19 22)] d22 -+
(B = B1) (P2 — W)
+ F1(z) -+ Falze) + plai 4 v%) (1.n

Here and in the sequel the integration is performed from fixed values
of 7,°, z,° to arbitrary values 7, 2.

Fl(zl) and Fz(zz) are arbitrary analytic functions of their arguments;
p = const,

The following relationship exists between the function 6 and the angle
a formed by slip lines with the x-axis at each point of a plastic region:

wnf=—¥1 — can2 {a;i: ’i“ﬂ)

For the isotropic case ¢ = 0.

2, From the physical considerations it follows that only real func-
tions are admissible.

Theorem 1. The necessary and sufficient condition for a function

F(zy, z9; 23, zy) to be real is

6ze—i9 a2ei9
= O @1
321822 82,0z4

Proof. Operating on both sides of the identity F= F by
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o4
82102502075
and taking into account (1.7), results in (2.1) being a necessary condi-

tion. To show that (2.1) is also a sufficient condition we notice that
from (2.1) it follows that

04F _ NF
02102502,025 02,07902,075

and thus
F —F = O (z1) + D2 (22)+ P (z1) + P2 (2)

where ¢%(‘k) and ¢%(zk) (=1, 2) are analytic functions of their argu-
ments. Because the function F is defined by Formula (1.7), within arbi-
trary analytic functions, these functions can be selected in such a way
that F = F.

Equation (2.1) can be written in Cartesian coordinates as follows:

cos § (8 0 Qiﬂ 2V1—¢ 2L ae %9 > +

a 2
626 a9 39 0 2.2
+51n6< 2V1 7 < ) <6x>> (2.2)
and in polar coordinates (r, ¢)
(cos § cos 29 — V1 — ¢ sin § sin 2¢) (8 6_ 1 28 1 ai) +

.
ot 2 Jap? r or
+(005981D2¢+V1—csmecos‘)cp)<2 0§ _ 2 9% )+
T Jp r 0rdg

-+ (sin § sin 2¢ — V1 — ¢ cos § cos 2¢) = 2 369 30 +
r Y

— (‘9_09;)2} =0 (2.3)

Letting ¢ = 0 in (2.2) and (2.3) we obtain the corresponding condi-
tions for the isotropic case [4 ]. Some other conditions can be specified
for which the function F is real, e.g. such as those proposed in [4 ].

+(51necos2cp+Vl—ccosBstqu)[ 1 (ge>
¢

Theorem 2. A particular solution of (2.2), 8 = &(x, y), which does
not contain arbitrary parameters, determines the stress components to
within a constant hydrostatic pressure.

Proof. If 6 = 0(x, y) is selected then the real function F is deter-
mined by (1.7) within an additive term p(x + y ) which corresponds to a
un1form hydrostatic pressure p. For it is easy to see that D,y [p(x +
y%)] = 0. The theorem is proved.

Note 1. If 8 = O(x, y) represents a solution of (2.2) then
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Y, == 6 z, y) and Yy = - O(x, — y) are also solutions of (2.2).

Conclusion. If 6@ = 8(z, y) satisfies (2.2) then ¥ = 6(- x, ~ y) also
satisfies (2.2).

3. The complex parameters p,(k = 1, 2) characterize the anisotropy of
the material. It is of interest to compare the elastic constants p, in
{1,2 ] with the parameters f; introduced in this work. In [1] it was de-
monstrated that p, cannot be real. The same is true for the case of
plastic anisotropy. For if p, were real then from (1.5) it follows that
¢ >1, but, as it is known from [3 ], the parameter ¢ varies in an open
interval (- o, 1), Hence the case ¢ » 1 is void of any physical meaning.

Let now pp = ap + iff;; ap and B, are real, then for — e <c >0, a,=0,
Bk =+ (1 - ¢) 2y~ ¢, i.e. the parameters ftp are pure imaginary, and
for 0< ¢< 1, ap =1V ¢, B =V (1 = ¢), thus 3, 'is always positive.

Moreover, the equality u, = p, for the plastic case holds good only
for isotropic materials, In the elastic case the equality of these para-
meters is possible for anisotropic materials as well.

In [1] some combinations of pu, and p, are shown which are real for
orthotropic cases. Below we present these combinations together with
similar combinations for plastic regions.

Elastic region Plastic region
— i + o) Bt B oo B oYi=o=__2X2
| B TViZ— Xt
2 2 2812 + BGG 9 {9 2X?‘Z2 ?
Ly ™ " ——— . - ——1 :—:2 ’l——_.........._._.____
}11 + W Bll ( C ) ( T2 (422_ X2)>

since in [1 ] the combinations of the complex parameters are given
for the generalized plane-stress problem, the constants a;; there must
be replaced by Bi“ This is so because the generalized plane-stress
problem is identical with the plane-strain problem if the constants @;j
in the former are replaced by Bij' where

Byj = aij“'a—lij:-f’“ (i,7=1,2,6)
= ¥, Z are the yield stresses in tension in the principal orthotropic
directions, T is the yield stress in shear relative to z-, y-axes. The
relationship X = Y follows directly from the von Mises-Hill condition
and from the assumption of the existence of a plastic potential for
anisotropic materials [3 1.
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Note 2. At the price of some additional calculational complexities,
one can obtain the formulas analogous to (1.7) and (2.1) for more general
cases or anisotropy.

4, Using (2.2) and (2.3) we obtain, now, several particular solutions
of equilibrium of anisotropic bodies in the plastic region. It will be
not necessary to determine the stress functions for each individual case.

If 6 is known, then the stress components can easily be found from
the equilibrium equations (1.1).

1) 8 = a = const, This is the simplest solution corresponding to the
uniform stress field

S, =cosa-tp, o, =p, rxu::____i.....sina (4.4)

Vi—¢

Here and in the sequel the stresses are taken relative to the quantity
2T (1 - ).

2) We seek now a solution in the form § = 8(y). Prom (2.2) we have
L A 0 or =sin”}!
T tan@ (E—y—) §=sin* (Ay+ B)

The state of stress corresponding to the above relationships is
realized in g strip

1+ B 1—R
—dl T LY , A>0
T SYS y >
compressed by the rough plates.
The stress components are
by z VI (A ¥ B +p (4.2)
Vi—e¢
= — T p Ty i (Ay+ B)
VT-c 2Yi—¢

For ¢ = O we obtain an analogous isotropic solution [4].
3) We seek now a solution in the form 6 = 6(¢). Equations (2.4) will

be transformed into the following:

(cos § cos 2 — V1 — ¢sin § sin 2¢) (— &*0 7/ do?) +
+ (cos § sin 2@ + V'{ — ¢ sin § cos 29) 240 / dp +
- (sin B cos 29 + V1 — ccos § sin 2@) (d6 / dg): = 0

One possible solution of the above is
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-1 1

1 — ctan2@

) = tan

This stress field is realized in a plastic wedge loaded uniformly
along its edges.

For ¢ > 0 the stress components are

o —csin 29 00§2® w1 BEWeea+p (4.3)
Vu_c)(i—csm“ch 2V1—o¢

Op = EVe )+ p rrw:—_L]/1—csin22q>

2V1——c 2 1—c¢

For ¢ < 0 the stresses are

5, — —csm2q)co's2cp _—;E(‘/ 61 ;Cp)—i-ll (4.4)
Vi —¢) (1 —csin?2g) ¢

1 / c . 1 —¢sin%2
5¢:_7E(‘/’0?T’(P)+P' fre ™ T "1/ =

where E(k, ¢) is a normal form of the Legendre elliptical integral of
the second kind. For the case of an isotropic wedge (¢ = 0) Formulas
(4.3) and (4.4) are expressed as follows [5 ]:

1
Grzcw:—-cpJ‘—p, tm—?

5. To solve elasto-plastic problems it is necessary to know the rela-
tionship between the plastic and elastic constants. If, for instance, at
the elasto-plastic boundary the complex parameters suffer no jump (this
seems to be quite a natural proposition, since, for the isotropic case,
Hq and py are generally the same in plastic and elastic regions) then
the following scheme may be proposed which would permit the continuity
conditions to be satisfied over the elasto-plastic boundary [6 1. Let the
elastic solution be [2 ]

Fo=2Re[F\° (z1) + Fo° (z2)] (3.1)
then the plastic solution can be represented as

F = Fo (2, 29; 3_1 2—2)'}‘%(51,22? 5; 52) (5.2)
Moreover, we have
Fo=2Re [Fy (z21) 4 Fa(z2)]
N LI SdzlgeXp [— i6 (=1, 223 51, 22)] doa—
(1 — W) (P2~ pe)

— Fy(z1)) — Fa(22) + p(&® + ¥) (5.3)
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where Kk = K(zy, 24; 21, E}) is a real function (cf. (1.7)).

Let us introduce the following notation [2 ]:

arF,” (z;)
dz,

ARy (5) _

— a)ko (zk), dzk

®, ) (k=12 (5.4)

On the elasto-plastic boundary y we require that the following in-
equalities be satisfied:

2Re [D:° (21) + @2° (22)], = 2Re [Dy (z1) + D2 (29)],, %

2Re [®:° (21) + @2 (@)], = 2Re [m®; (@) + wa®z ()],, %4

o

v Oz

=0

Y

Thus, on y the equilibrium conditions are satisfied, and the elastic
stress function F° is continuously transformed into a plastic stress
function F.

I would like to take this opportunity to draw attention to the work
[471. The question of the plastic stress functions being biharmonic was
considered in [7,8].
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